It is a long-standing belief, as pointed out by Bell in 1986, that it is impossible to use a twomode Gaussian state possessing a positive-definite Wigner function to demonstrate nonlocality as the Wigner function itself provides a local hidden-variable model. In particular, when one performs continuous-variable (CV) quadrature measurements upon a routinely generated CV entanglement, namely, the two-mode squeezed vacuum (TMSV) state, the resulting Wigner function is positivedefinite and as such, the TMSV state cannot violate any Bell inequality using CV quadrature measurements. We show here, however, that a Bell inequality for CV states in terms of entropies can be quantum mechanically violated by the TMSV state with two coarse-grained quadrature measurements per site within experimentally accessible parameter regime. The proposed CV entropic Bell inequality is advantageous for an experimental test, especially for a possible loophole-free test of nonlocality, as the quadrature measurements can be implemented with homodyne detections of nearly 100% detection efficiency under current technology.
I. INTRODUCTION
Local realism, as first introduced by Einstein, Podolsky and Rosen (EPR) in their famous paper [1] , is the cornerstone of one's classical intuitions, namely, physical systems have local "elements of reality" no matter which experiment actually was performed. Then, the most radical departure of quantum mechanics from the classical intuitions is the discovery of Bell's inequalities [2, 3] , which enable quantitative tests of quantum mechanics against local realism. While the original Bell inequalities (or in a broader sense, Bell's theorem) were derived for discrete quantum variables, their various extensions [4] have been developed for a large number of different settings. Particularly, the original EPR paradox for continuous variables (CVs) has been a source of renewed interest for topics such as the preparation of the EPR-type states [5] [6] [7] [8] [9] and nonlocality [10] [11] [12] [13] [14] [15] [16] [17] [18] .
For a two-mode Gaussian state possessing a positivedefinite Wigner function, the Wigner function itself provides a local hidden-variable model, and thus it is impossible to use the state to demonstrate nonlocality. This is a long-standing belief pointed out by Bell in 1986 [15, 19] . A particular example is the two-mode squeezed vacuum (TMSV) state [5] [6] [7] [8] [9] , which is a routinely generated CV entanglement source and useful for various CV * Electronic address: zbchen@ustc.edu.cn † Electronic address: yaofu@mail.ustc.edu.cn ‡ Electronic address: ykzhao@mail.ustc.edu.cn quantum information tasks [8] . The Wigner function of the TMSV state with CV quadrature measurements is positive-definite. Therefore, the TMSV state cannot violate any Bell inequality under the quadrature measurement settings. For this reason, the existing proposals for the Bell test with CV systems [10] [11] [12] [13] [14] [15] [16] [17] [18] make use of correlation functions for the parity operators [10, 11] , the "parity-spin" operators [13] , or the quantities acquired by a binning process to convert the continuous outcomes into binary results [14] [15] [16] , enabling us to use the ordinary form of Bell's inequalities. To take the full capacity of CV nature, other strategies were proposed with additional mechanisms, like using non-Gaussian states together with certain (effective) nonlinearity, but with relatively small violations [15, 17] , or more involved modes [18] .
We show in this paper, however, that a Bell inequality for CV states in terms of entropies can be quantum mechanically violated by the TMSV state with two coarsegrained quadrature measurements per site using the homodyne detection technique. Bell's inequalities formulated in an information-theoretic context [20] [21] [22] , i.e., the entropic Bell inequalities, were first proposed by Braunstein and Caves and present a new angle to the conceptually important topic, namely, the quantum violations of local realism. An appealing feature of the entropic Bell inequalities is that they are applicable to a pair of N -level quantum systems for arbitrary N . Despite this, it is still a nontrivial question on how to demonstrate the quantum violations of local realism with CV systems, using information-theoretic Bell inequalities. For the very definition of information or entropy, there are important dif-ferences [23] between the CV and discrete-variable cases. To circumvent the difficulty caused by these differences, the proposed CV entropic Bell inequality uses a pair of coarse-grained quadrature measurements per site. In this way, only experimentally measured discrete probability distributions [24, 25] are involved. Furthermore, instead of correlation functions as used in the usual Bell inequalities, we use the conditional or mutual entropies to give the constraints of local realism. We then demonstrate the quantum mechanical violations of the CV entropic Bell inequality by the TMSV state without any use of non-Gaussian states or more involved modes. The CV entropic Bell inequality as proposed here is friendly to an experimental test, especially for a possible loopholefree test of nonlocality, as the homodyne detections have nearly 100% detection efficiency [26] under current technology.
II. THE CV ENTROPIC BELL INEQUALITY
An important trick in our argument is that, instead of using probability density p(a) for a continuous random variable a [23] , we use only experimentally measured discrete probability distributions [24] , which were proved to be very useful for witnessing CV entanglement [25] . As the continuous probability density p(a) cannot be determined with a finite number of measurements, one can, however, measure a to discrete windows A ℓ of size ∆a (coarse-grained measurements). Namely, the continuous random variable a is discretized into equally spaced windows of size ∆a reflecting the precision of the experimental setup. Then the probability of measuring a to be in window A ℓ reads [24, 25] 
where the integration is performed over
. The Shannon entropy of this discrete probability distribution P (A ℓ ) is given by
The usual differential information (or entropy) for the continuous random variable a with probability density p(a) reads
Note that s(a) is defined up to an arbitrary constant and can even be arbitrarily large, positive or negative, because of the continuous nature of the random variable a. This property of the CV information is in contrast to the discrete-variable cases.
For two random variables a and b having a joint probability density p(a, b), we can define correspondingly an
in terms of the conditional probability density p(a |b) .
Similarly, one can define the Shannon entropy S(A, B) of the discrete probability distribution P (A ℓ , B m ). The discretized conditional entropy is then
In terms of the above discretized entropies we have two useful inequalities
which have a transparent information-theoretic interpretation. The first inequality stems from the fact that the information carried by two quantities is never less than the information separately carried by either quantity. The information carried by a quantity never decreases by removing a condition. This then leads to the last inequality. Note that for the CV case, one does not have the inequalities
To derive the required entropic Bell inequality we follow the reasoning by Braunstein and Caves [20] . Consider now two space-like separated CV quantum systems A and B. For system A (B) we have two measurable quantities a and a ′ (b and b ′ ) whose values are denoted by continuous random variables a and a ′ (b and b ′ ). Quantum mechanically, two incompatible observables (e.g., a and a ′ for system A) of a system cannot be measured simultaneously. Hence in each run of the two-setting Bell experiments one can only measure two observables (here, e.g., a and b), one from each system. By contrast, local realism implies that the four quantities specified above are all local objective properties of the whole system. An important consequence of the observation is the existence of a joint probability density p(a, a ′ , b, b ′ ), from which we can obtain appropriate probability densities, e.g.,
the marginals of the joint probability density p(a, a ′ , b, b ′ ). Then other relevant probability densities can also be obtained, e.g., p(a) = dap(a, b).
With these probability densities in mind, we can define the corresponding discrete entropies, in terms of which we have the following information inequality [20] 
where
. Using the facts that
This is an information-theoretic constraint that has to be obeyed by all local realistic theories. Similar to Ref. [22] we can also obtain an entropic Bell inequality in terms of the mean mutual information S(A;
, which takes a form quite similar to the Clauser-Horne-Shimony-Holt inequalities [3] . Here S(A; B) = S(A) + S(B) − S (A, B) .
III. QUANTUM VIOLATION OF THE CV ENTROPIC BELL INEQUALITY
Now let us show the quantum violation of the entropic Bell inequality Eq. (10) by the regularized EPR states [5] [6] [7] 12] produced in a pulsed nondegenerate optical parametric amplification process. The process generates the TMSV state associated with two quantized light modes (denoted by the corresponding annihilation operatorsâ andb) as
Here, for simplicity, we assume that r > 0 known as the squeezing parameter and |nn ≡ |n a |n b = 1 n!â †nb †n |00 . In the infinite squeezing limit, the TMSV state |TMSV becomes the original, normalized EPR state [7, 13] ; i.e., |TMSV r→∞ −→ |EPR normalized . Such a CV entanglement can now be routinely generated and is a vital resource for various CV quantum information tasks [8] .
For each mode of the light field, one measures the quadrature phase amplitude operatorŝ
with the usual homodyne measurement technique. Note that â θ ,â θ+π/2 = i. Thus,â θ andâ θ+π/2 (similarly for b φ andb φ+π/2 ) form a canonically conjugate pair. Experimental control of the local oscillator phases (θ and φ) provides access to the continuous distribution of the quadraturesâ θ andb φ . Let us denote the eigenvectors ofâ θ andb φ by |a θ and |b φ , respectively, namely, a θ |a θ = a θ |a θ andb φ |b φ = b φ |b φ . Then the quantum pair probability density for measuringâ θ andb φ (with the results a θ and b φ ) upon |TMSV can be calculated as
To evaluate p QM (a θ , b φ ), we need some useful properties [27] of |a θ (similarly for |b φ ), namely,
which are the orthogonal and completeness relations for |a θ , similar to the usual eigenvectors of a position operator. Here,Î A is the identity operator for system A. Moreover,
where H n is the Hermite polynomial of order n. Using Eq. (15) we can write down |a θ explicitly [27] 
where |t| < 1. Consequently, using Eqs. (11) and (15) yields
with t = e −i(θ+φ) tanh r (Note that indeed |t| < 1 as tanh r < 1 for r > 0). Hereafter, we take ϕ = θ + φ. Then
which shows the explicit anti-correlations between the local oscillator phases θ and φ. Here 1 − t 2 = 1 + tanh 4 r − 2 tanh 2 r cos 2ϕ and
From the Gaussian integral formula
we obtain in particular that dxdy exp[−(x 2 + y 2 )α + 2xyβ] = π/ α 2 − β 2 ≡ J(α, β), where α > 0. Here, A m×m is a symmetric positive-definite (hence invertible) covariance matrix. Then we can confirm the normalization condition of p QM (a θ , b φ ), (22) as can easily be checked by using Eq. (20) . From p QM (a θ , b φ ) we can easily obtain
Now let us calculate S QM (B φ ) and S QM (A θ , B φ ). Hereafter, we take base of the logarithm to be e.
By definition,
With these results in mind, we get the quantum discretized conditional entropy under the given measurement precisions (∆a θ and ∆b φ ):
(25) The negativity of S QM (A θ |B φ ) rules out any description of local realism, or an underlying joint probability distribution [22] .
To demonstrate that the entropic Bell inequality Eq. (10) can indeed be violated quantum mechanically, we take the following angles:
Then the right-hand side of Eq. (10) becomes [Note that
Here, we assumed that ∆a θ = ∆a θ ′ ≡ ∆a and ∆b φ = ∆b φ ′ ≡ ∆b. The negativity of D QM implies the quantum violations of the entropic Bell inequality Eq. (10) and gives the deficit information [20] carried by systems A and B, relative to that imposed by local realism under the same geometry.
In Fig. 1 we plot D QM as a function of δ and r for different values of ∆a = ∆b ≡ ∆. We also show the plane of D QM = 0, above which is the parameter regime of violating the inequality Eq. (10) . Numeric result at ∆ = 1.5 shows only tiny violation for large squeezing parameters in the vicinity of r = 2, while no violation was found for ∆ = 1 and r ∈ [0, 2]. From Fig. 1 , we note that a large fraction of the violations occur in the vicinity of δ = 0 (as well as its symmetric point δ = 3π). We then plot D QM at δ = 0 as a function of ∆ and r in Fig. 2 , where the plane of D QM (r, ∆, δ = 0) = 0 is shown, too. In this specific case the parameter regime of violating the entropic Bell inequality indicates that larger values of ∆ require smaller squeezing parameters r, a similar trend observed from Fig. 1 . Thus, the proposed violations are experimentally more accessible for coarsegrained measurements with larger ∆.
However, if we only consider the maximal violations of the inequality Eq. (10) (10) is strongly influenced by the parameters of r and ∆, as well as their interplay. Intuitively, one might expect that our coarse-grained measurement effectively becomes the usual discrete measurements for sufficiently large ∆. However, it is quite difficult to get a simple picture due to the complicated interplay between r and ∆ as we observed in our numeric calculations.
Finally, let us briefly discuss the remaining experimental issues regarding the test of the entropic Bell inequality Eq. (10). For given r and δ, the joint probability distribution P QM (A θ,ℓ , B φ,m ) can be experimentally measured [25, 29] from the homodyne detection data, giving rise to P QM (B φ,m ) as marginal probability distribution. For experimentally closing the locality loophole, it is important to use random and fast switching of the local measurement settings such that the space-time separated measurements are guaranteed. All previous Bell experiments could in principle be challenged by the detectionefficiency and/or locality loopholes [30] . The former loophole has been closed in Ref. [31] by using entangled ions, which can be detected with nearly perfect efficiency. The entangled photons are ideal for closing the locality loophole, as pioneered by Aspect et al. [32] and then by Weihs et al. [33] . Our proposal has used the pulsed [34] CV entangled source (being easy to close the locality loophole) and the quadrature measurement with homodyne detections (having nearly unit detection efficiency), thus opening up the exciting possibility for a loophole-free test of local realism against quantum mechanics.
IV. CONCLUSIONS AND DISCUSSIONS
In summary, an entropic Bell inequality has been proposed for CV states. Our argument requires simply coarse-grained quadrature measurements per site, without any need of experimentally complicated mechanisms such as non-Gaussian states and nonlinearity [15, 17] or more involved modes [18] . Thus, this is the simplest nonlocality argument for CV systems with minimal experimental settings. We then demonstrate the quantum violations of the CV entropic Bell inequality for TMSV states, although a previous belief claims no violation of any Bell inequality in its ordinary form for the same TMSV states using CV quadrature measurements. The parameters required for the violations are well within the experimentally accessible regime. By taking the full merits of the CV entangled light fields, our argument thus opens up a strong possibility for a loophole-free test of local realism.
